Abstract-We present analytical and numerical studies of the dynamics of polarization domains and domain wall solitons in optical fibers with elliptical birefringence. Applications to loss-free nonlinear polarizers and to cross-polarization modulation between signals in wavelength division multiplexed transmissions are discussed.
INTRODUCTION
First predicted by Zakharov and Mikhailov in 1987 [1] , optical polarization domain walls were experimentally observed about ten years later by Pitois, Millot and Wabnitz with counter-propagating nanosecond pulses in nonlinear isotropic optical fibers [2, 3] . A polarization domain is a stable mutual arrangement of the polarization state of the two waves [1] . On the other hand, a domain wall is a kink soliton which represents a polarization switching between different domains composed of mutually orthogonal polarization states [1] [2] [3] . With perfectly isotropic fibers, in order to avoid any bending-induced birefringence, the experiments were limited by the short interaction length, which is typically of the order of one meter. Such short nonlinear interaction length prevents the observation of polarization domain walls with continuous wave (CW) beams.
We present the extension of the theory of polarization domain wall solitons to both counter and co-propagating beams of different frequency in highly birefringent (hibi), twisted and spun optical fibers [4] . In the counter-propagating case, we describe new analytical domain wall soliton solutions whose propagation velocity may be controlled, and even stopped, by simply varying the input relative intensity of the two beams [5] . These findings may open the way to a new class of low-power, nonlinear optical data storage and buffer devices based on the dynamic control of polarization encoded information in fiber loop memories. For co-propagating waves with different frequencies, mutual or cross-polarization modulation interactions may have a significant impact on polarization multiplexed wavelength-division-multiplexed (WDM) transmissions [6] and polarization-mode dispersion compensators [7] . Our analysis unveils the stable mutual polarization arrangements of WDM channels, reveals the existence of cross-polarization modulation supported domain wall solitons [8] , and suggests novel polarization modulation schemes. An interesting application of our theory is the lossless polarization attraction [9, 10] of an initially depolarized probe beam into the same polarization state of either a co-propagating or a counter-propagating pump wave. Therefore we numerically investigated the feasibility of practical polarization domain-based lossless polarizers with sub-W level pumps and signals using km-long hibi fibers.
COUNTERPROPAGATING WAVES
Let us consider at first the counter-propagation of two waves with the same or different carrier frequency in a spun elliptically birefringent fiber. In a reference frame uniformly rotating along the fiber axis z with the spin rate τ , we may write the counter-propagating fields as
where e x,y are the local linearly polarized fiber modes. In terms of elliptical eigen-polarizations (in the absence of nonlinearity) e 1,2 of the fiber, we may write [4] 
where β 1,2 are the corresponding linear propagation constants, and the envelopes A 1,2 are slowly (with respect to the short linear beat length L b of the high birefringence fiber) evolving in Z because of the nonlinear changes of the beam polarizations, that we may describe in terms of the Stokes vectors of the two beams as where the self-polarization rotation tensor
, and V g is the linear group velocity in the fiber. The parameters α, β, and γ depend upon the tensor response of the cubic nonlinearity, as well as the spin rate τ [4, 5] . In the special case of counter-propagating beams with equal power P = P + = P − , one obtains the stationary (i.e., time-independent) polarization domain wall solution of Eq. (2)
where s = S/P is the dimensionless Stokes vector, c 1 = 2/(3 + α ), c 3 = (1 + α )/(3 + α ), ρ = 2(1 + α )β/V g , α = α/β, and z 0 is a position shift. In the case of unequal beam powers, and α = 0, the solution (3) may be easily extended to a traveling-wave domain wall solution moving with the nonlinear group velocity
Polarization walls may be created in the fiber by imposing the proper boundary conditions [2, 3, 5] . Figures 1(a) and (b) show the evolution along L = 1 km of linear hibi fiber of the s 2 Stokes parameter of the forward and backward beams with P + = P − = 500 mW and the same wavelength λ = 1550 nm. We set the fiber nonlinear index n 2 = 3.2 × 10 −20 m 2 /W and its effective area A eff = 10 µm 2 . The initial condition is the unstable arrangement consisting of two parallel linearly polarized waves oriented at 45 • to the birefringence axes of the fiber. Polarization attraction into the stable domains may be exploited to implement a nonlinear lossless polarizer [8] . This effect is illustrated in Figures 1(c) and (d) where we show the s 2 parameter of a forward signal with P + = 250 mW and of a backward pump with P − = 500 mW in an elliptically birefringent fiber (with ellipticity angle θ = 35 • ). Here we imposed a nearly 100% modulation of the forward s 2 at Z = 0 for T > 0. This creates stable antiparallel domains at Z = L. As a result, input polarization fluctuations of the forward beam are strongly damped at the fiber output, whereas backward beam polarization fluctuations are introduced at Z = 0 (see Figures 1(c) and (d) ).
COPROPAGATING WAVES
A treatment similar to that of the previous section may be applied to describing the mutual nonlinear polarization changes of two optical waves at nearby frequencies ω a and ω b , that co-propagate in a spun birefringent optical fiber. In this case, one obtains for the Stokes vectors associated with the two waves the coupled equations
where Figure 2 , left) that represent the stationary (i.e., space-independent) kink solitons
where
The polarization domain wall (5) describes a switching of polarization between the two stable (with respect to spatio-temporal perturbations) parallel polarization arrangements s a,b = (1, 0, 0) and s a,b = (−1, 0, 0). On the other hand, Figure 2 (right) shows that, for t > √ 3 − √ 2, the saddles coincide with the polarizations s a,b = (0, 0, ±1), so that cross-polarization solitons similar to those in Eq. (5) can again be found [8] . Figure 3 illustrates the results of the numerical integration of Eq. (4) with initial conditions given by the polarization domain wall soliton (5). We considered two 1 mW beams at λ = 1550 nm spaced by 50 GHz, co-propagating in a linearly hibi fiber (θ = 0) with the GVD of D = 1 ps/(nm km). As shown in Figure 3 , full switching between two pairs of orthogonal polarization arrangements is obtained on a timescale of 60 ps. Figure 3 shows the propagation of the cross-polarization soliton (5) over 1000 km, and it confirms its spatio-temporal stability. Indeed, Figure 3 confirms that when the proper iniput polarization modulation is used, nonlinear cross-polarization modulation may compensate for the GVD induced temporal walk-off between the two wavelength channels.
The existence of stable domains of parallel mutual polarization arrangements for different wavelength channels in birefringent fibers may lead to the possibility of implementing nonlinear loss-free polarizers in a co-propagating configuration as well. A first proof of principle demonstration of such device was obtained by solving Eq. (4) with an initially randomly polarized in time, 1 mW CW probe wave, co-propagating in a short loop of linearly birefringent fiber along with a 50 GHz spaced, circularly polarized, 3 mW CW pump. After re-circulating for 50 ms, it was observed that the probe acquired the same polarization state of the pump [8] . 
CONCLUSION
In conclusion, we obtained stable polarization domain wall stationary as well as slow wave soliton solutions for the evolution of the state of polarization of counter-propagating waves in highly birefringent spun optical fibers. The sign and magnitude of the soliton propagation velocity may be controlled by varying the power of the two waves at their respective input ends. Additionally, we described the cross-polarization modulation mediated interaction between two WDM channels in optical fibers with elliptical birefringence. We obtained novel analytical domain wall soliton solutions that represent the locked temporal switching of the state of polarization of both beams. The possibility of implementing the loss-less nonlinear polarization attraction functionality in a co-propagating geometry was numerically predicted.
